We study S(t − 1, t, 2t), which is a special class of Steiner systems. Explicit constructions for designing such systems are developed under a graph-theoretic platform where Steiner systems are represented in the form of uniform hypergraphs. The constructions devised are then used to study the 2-coloring properties of these uniform hypergraphs.
Introduction
A Steiner system, commonly denoted as S(t, k, n), is a combinatorial design with a set V of n points, and a collection of subsets of V of size k (called blocks), such that any t-subset of V is contained in exactly one of the blocks. The study of Steiner systems and their generalizations is closely related to several areas of mathematics, such as geometry, group theory and coding theory. In addition, Steiner systems have important applications in computer science and cryptography [2] . A lot of effort has been spend on designing particular Steiner systems. For a survey on the known Steiner systems, the reader is referred to [1] .
Constructing general Steiner systems is one of the most important problems in design theory. A finite projective plane S(2, q + 1, q 2 + q + 1) and a finite affine plane S(2, q, q 2 ) [1] are examples for such systems. Here we study on a special class of Steiner systems, viz., S(t − 1, t, 2t). Only two such non-trivial (t > 2) systems are known to exist: S (3, 4, 8) , and S(5, 6, 12) which is the famous Mathieu group M 12 [4] . An alternative construction for M 12 can be obtained by the use of the 'kitten' of R.T. Curtis [3] . These systems can be used to construct S(2, 3, 7) and S(4, 5, 11), respectively. It becomes possible due to the fact that if a Steiner system S(t, k, n) exists, then taking all blocks containing a specific element and discarding that element from them produces a derived Steiner system S(t − 1, k − 1, n − 1). Therefore, the existence of S(t − 1, k − 1, n − 1) is a necessary condition for the existence of S(t, k, n).
In this note, we give explicit constructions for designing the two known Steiner systems that comes under the previously mentioned class of general systems: S(t − 1, t, 2t). For the same, we follow a graph-theoretic approach where Steiner systems are represented in the form of t uniform hypergraphs. These constructions are then used to study the 2-coloring properties of the hypergraphs designed.
2 Constructing S(t − 1, t, 2t)
We define the Steiner system S(t − 1, t, 2t) as t-uniform hypergraphs, ie., hypergraphs where every hyperedge contains exactly t vertices. We denote these hypergraphs as S 2t t and construct them for t = 6 and t = 4. The vertex set and the hyperedge set of S 2t t is denoted by V The following three steps describes a high-level overview of the significant steps in the design of S(t − 1, t, 2t): (i) Existence of complementary hyperedges: The complementary hyperedge h ′ corresponding to a particular t-uniform hyperedge h is defined by V 2t t \ h. The existence of these complementary hyperedges is a mandatory condition in this design. For example, the hyperedge {v 1 , v 2 , v 3 , v 4 , v 5 , v 6 } will be present in the hypergraph S 12 6 if and only if its complementary hyperedge {v 7 , v 8 , v 9 , v 10 , v 11 , v 12 } is also present in it. We begin the construction of S 2t t by adding a t-uniform hyperedge h into the hyperedge set E 2t t along with its complementary hyperedge h ′ . Note that, h which is the first hyperedge added, can be any t-subset of V 2t t .
(ii) The non-trivial hyperedge formation: Here we design all the hyperedges that intersect exactly on (t − 2) vertices of h containing a particular vertex v, v ∈ h. Here we define the non-trivial steps of our construction. There are two non-trivial steps in the design of the hypergraph S 12 6 which represents the Steiner system S(5, 6, 12), while only a single such step is present in the design of the hypergraph S (iii) The trivial hyperedge formation: In this step, hyperedges are formed naturally using the definition of the Steiner system S(t − 1, t, 2t) that every (t − 1) subset of V must occur exactly once.
Having defined an overview for our design, let us now devise the explicit constructions for both S(5, 6, 12) and S(3, 4, 8).
Constructing
As mentioned before, we call the hypergraph corresponding to the Steiner system S(5, 6, 12) as S 12 6 . We begin with an empty hyperedge-set of S Step (1) Let the hyperedge {v 1 , v 2 , v 3 , v 4 , v 5 , v 6 } be denoted by h and its complementary hyperedge be h ′ , and h ′ = {v 7 , v 8 , v 9 , v 10 , v 11 , v 12 }. We start the construction by adding the hyperedges h and h ′ into the hyperedge-set E 12 6 .
Step (2) Here we devise and add to E 12 6 , all the hyperedges that intersect exactly on 4 vertices of h containing a particular vertex, and w.l.o.g. we choose v 1 to be that vertex. Note that for every hyperedge added to E 12 6 , we also add its corresponding complementary hyperedge. The following two sub-steps defines certain sets that are useful in our construction:
Step (2.1)
Step
′ , x} and set B = {{a, b}, {c, d}, {e, f }}, and,
In order to apply these steps, we need to map the elements of the above sets to the elements of V 12 6 . Note the following vertex-mapping:
Now, apply
Step (2.1) on these mapped elements to get the following sets: . In order to form the next few hyperedges we have to apply the Step (2.2). We use the previous vertex-mapping for the same. After applying Step (2.2) we get the following sets: 
The following sets are formed on applying the above mapping on Step (2.1): 
The following version of sets A ′′ and B ′′ are formed on applying the above vertex-mapping on Step (2.1): , where we have added all the hyperedges that intersect exactly on 4 vertices of h containing the vertex v 1 along with their corresponding complementary hyperedges. In this step, a total of 60 hyperedges are added into the hyperedge-set E Step (3) Here we devise and add to E 12 6 , all the hyperedges that intersect exactly on 3 vertices of h, or, exactly on 2 vertices of h, that contains the vertex v 1 . For every hyperedge added to E 12 6 , we also add its corresponding complementary hyperedge. In this step, hyperedges can be formed quite naturally using the fundamental property of a Steiner system S(t − 1, t, 2t) that every (t − 1) subset of V must occur exactly once.
(a) We take all the triples (or 3-subsets) from the set h that contains the vertex v 1 and add to it 3 vertices from the set h ′ in-order to form 6-uniform hyperedges such that all the 5-subsets formed from the addition of any 3 vertices of h (containing v 1 ) with 2 vertices of h ′ occur exactly once. Consider a 3-subset {v 1 , b, c} of h. One can easily verify that in Step (2), during the formation of hyperedges, the triple {v 1 , b, c} is connected with 9 different 2-subsets (or pairs) of h ′ to form 9 different 5-subsets exactly once. The total number of pairs in h ′ is equal to 6 2 = 15. Therefore, we need to construct new hyperedges such that the remaining six 5-subsets containing the triple {v 1 , b, c} and a pair from the set h ′ are formed exactly once. In fact, it is possible to satisfy this condition.
For example, consider the triple {v 1 , v 2 , v 3 } of h. The 6 remaining pairs of h ′ that are to be connected with {v 1 , v 2 , v 3 } to form hyperedges are {v 7 , v 10 }, {v 10 , v 11 }, {v 7 , v 11 }, {v 8 , v 9 }, {v 8 , v 12 } and {v 9 , v 12 }. Note that, in Step (2) all the remaining pairs of h ′ have been added to the triple {v 1 , v 2 , v 3 } for the formation of hyperedges. Hence, we have A = {v 1 , v 2 , v 3 } and B = {{v 7 , v 10 , v 11 }, {v 8 , v 9 , v 12 }}. Perform A × B and add the 2 hyperedges formed (along with their corresponding complementary hyperedges) into E 12 6 . In the same way, one can devise more hyperedges using the remaining 9 triples of h that contains the vertex v 1 . The following sets defines the 9 different versions of set A and set B which can be used to construct all the remaining hyperedges that intersect exactly on 3 vertices of h containing the vertex v 1 : . Note that, we have constructed a total of 40 hyperedges in this step of our construction.
(b) Here we take all the pairs (2-subsets) from the set h that contains the vertex v 1 and add to it 4 vertices from the set h ′ in-order to form 6-uniform hyperedges such that all the 5-subsets formed from the addition of any 2 vertices of h (containing v 1 ) with 3 vertices of h ′ occur exactly once. Consider a 2-subset {v 1 , b} of h. One can easily verify that in the last step (Step 3(a) ), during the formation of hyperedges, the pair {v 1 , b} is connected with 8 different 3-subsets (or triples) of h ′ to form 8 different 5-subsets exactly once. The total number of triples in h ′ is equal to . Note that, we have constructed a total of 30 hyperedges in this step of our construction.
This completes the design of S 12 6 . A total of 132 hyperedges are present in its hyperedge-set E 12 6 , which are added through Step (1) (2 hyperedges), Step (2) (60 hyperedges) and Step (3) (70 hyperedges) of our construction. One can verify that the Steiner system we have devised here is isomorphic to the structure of S(5, 6, 12) found in [4] and [3] . Moreover, it is known that there exists a unique S(5, 6, 12) Steiner system [1] .
Constructing S 2t t when t = 4
We call the hypergraph corresponding to the Steiner system S(3, 4, 8) as S Step (1) Denote the hyperedge {v 1 , v 2 , v 3 , v 4 } by h, and its complementary hyperedge be h ′ . Note that h ′ = {v 5 , v 6 , v 7 , v 8 }. We start the construction by adding the hyperedges h and h ′ into the hyperedge-set E Step (2) Here we devise and add to E 8 4 , all the hyperedges that intersect exactly on 2 vertices of h containing a particular vertex, and w.l.o.g. we choose v 1 to be that vertex. In addition, for every hyperedge added to E 8 4 , we also add its corresponding complementary hyperedge. Now note the following sub-step:
